
Math-M-Addicts Group S Entrance Exam 2016-2017 
 
Student Name                                                                      _ 
 
Instructions: Please write legibly and fully justify your answers.  Points will be deducted for incomplete 
solutions.  At the same time, it is OK to provide partial answers, as you may earn points for good ideas 
even if you do not have full solutions.  Good luck! 
 
Problem 1 (10 points): Fred's walk to school takes 30 minutes.  His brother George can cover the 
distance in 20 minutes. Fred leaves home 6 minutes before George.  After how many minutes will 
George catch up with Fred? 
 
Problem 2 (10 points): Compute the number of ways to place numbers 1, 2, 3, 4, 5, 6, 7, 8, 9 in a row so 
that the difference between any two numbers standing next to each other is odd. 
 
Problem 3: A book costs a positive whole number of dollars. The bookstore decided to give a 15% 
discount to the initial price, and it still costs a whole number of dollars. 

(A) (5 points) Would the book still necessarily cost a whole number of dollars if the store gave 35% 
discount to the initial price instead? Why or why not? 

(B) (5 points) What is the smallest possible price of the book? 
 
Problem 4 (10 points): Danny really likes mixing coffee and milk.  The other day in Starbucks coffee 
shop, he asked for “coffee with room for milk” and received a cup which was only 75% full.  Danny 
poured in some milk to fill the cup and mixed his coffee and milk thoroughly.  After drinking a quarter of 
the cup, Danny filled it up again with milk and mixed thoroughly.  Then the same thing happened again:  
he drank a quarter of the cup and filled the empty space with milk.  Finally, Danny finished his drink.  Did 
he drink more coffee or more milk?  Explain your answer. 
 
Problem 5 (10 points): 45 members of the Middle Earth Ruling Council, representing men, dwarves, 
elves and hobbits, are sitting at a round table.  Dwarves distrust elves and therefore do not sit next to 
them, while humans refuse to be seated adjacent to hobbits.  Prove that there are two representatives 
of the same race sitting next to each other. 
 
Problem 6: We say that a positive integer (whole number) N is beautiful if, when one adds twice the 
sum of the digits of N to N itself, one gets a perfect square.  For example, 132 is beautiful because 132 + 
2 * (1 + 3 + 2) = 144, which is a perfect square.   

(A) (5 points) Find all 2-digit beautiful numbers. 
(B) (5 points) Prove that the only beautiful prime number is 3. 
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Problem 1 (10 points): Fred's walk to school takes 30 minutes.  His brother George can cover the 
distance in 20 minutes. Fred leaves home 6 minutes before George.  After how many minutes will 
George catch up with Fred? 
Solution: Suppose Fred walks to school at the pace of x feet per minute.  Then the distance to the school 
is 30x feet, which George covers in 20 minutes, so his speed is 1.5x feet per minute.  Let t be the time 
that George will take to catch up with Fred.  We have (t + 6) * x = t * 1.5x because Fred and George need 
to have walked the same distance.  Dividing both sides by x yield t + 6 = 1.5t, which means that t = 12 
minutes. 
 
Problem 2 (10 points): Compute the number of ways to place numbers 1, 2, 3, 4, 5, 6, 7, 8, 9 in a row so 
that the difference between any two numbers standing next to each other is odd. 
Solution: The difference between two numbers is odd if and only if one of them is odd and the other is 
even.  Therefore, when placed in a row, odd and even numbers need to alternate: OEOEOEOEO or 
EOEOEOEOE, where “O” represents an odd number and “E” represents and even number.  Since there 
are 5 odd numbers and only 4 even numbers, the only possible configuration is OEOEOEOEO, and any 
such configuration satisfies conditions of the problem.  There are 5 * 4 * 3 * 2 * 1 = 120 ways of putting 
down the odd numbers and 4 * 3 *2 * 1 = 24 ways of putting down even numbers, for a total of 120 * 24 
= 2880 ways. 
 
Problem 3: A book costs a positive whole number of dollars. The bookstore decided to give a 15% 
discount to the initial price, and it still costs a whole number of dollars. 

(A) (5 points) Would the book still necessarily cost a whole number of dollars if the store gave 35% 
discount to the initial price instead? Why or why not? 

(B) (5 points) What is the smallest possible price of the book? 
Solution: (A) Let the original book cost be C.  We know that after the discount, the book was priced at 
0.85 * C = C.  Since that is a whole number, C must be divisible by 20.  Therefore, 0.65 * C = C is also 
a whole number.  Answer: yes, it will necessarily cost a whole number of dollars. 
(B) The smallest positive multiple of 20 is 20; we manually check that a 15% discount on 20 results in a 
whole number (17).  Answer: 20. 
 
Problem 4 (10 points): Danny really likes mixing coffee and milk.  The other day in Starbucks coffee 
shop, he asked for “coffee with room for milk” and received a cup which was only 75% full.  Danny 
poured in some milk to fill the cup and mixed his coffee and milk thoroughly.  After drinking a quarter of 
the cup, Danny filled it up again with milk and mixed thoroughly.  Then the same thing happened again:  
he drank a quarter of the cup and filled the empty space with milk.  Finally, Danny finished his drink.  Did 
he drink more coffee or more milk?  Explain your answer. 
Solution: The only coffee that Danny drank was the initial 75% of the cup.  As for milk, he added it three 
times, each time adding 25% of the cup, for a grand total of also 75% of the cup.  Therefore, he drank 
the same amount of coffee and milk.  
 
Problem 5 (10 points): 45 members of the Middle Earth Ruling Council, representing men, dwarves, 
elves and hobbits, are sitting at a round table.  Dwarves distrust elves and therefore do not sit next to 



them, while humans refuse to be seated adjacent to hobbits.  Prove that there are two representatives 
of the same race sitting next to each other. 
Solution: Let us go around a table till we spot a dwarf or an elf.  At least one must be present – since 
otherwise, it’s just humans and hobbits – and given humans and hobbits can’t sit next to one another, it 
means it’s only hobbits or only humans.  Either way, two representatives of the same race are sitting 
next to each other. 
Now, assume no two representatives of the same race are sitting next to each other.  Without loss of 
generality, assume that we spotted a dwarf; call it Chair 1.  In Chair 2, we can’t have a dwarf by our 
assumption and we can’t have an elf since elves don’t sit next to dwarves – therefore, it must be a 
human or a hobbit; without loss of generality, assume it is a human.  Then in Chair 3, it can’t be a human 
by our assumption and we can’t have a hobbit sitting next to a human – therefore it is a dwarf or an elf.  
Proceeding in this manner, we will find a human or a hobbit in Chair 4, a dwarf or an elf in Chair 5, etc., 
up until a dwarf or an elf in Chair 45.  However, Chairs 45 and 1, occupied by a dwarf, are adjacent, 
which presents a problem – we can’t have an elf sitting next to a dwarf and we can’t have two dwarves 
adjacent due to our assumption.  Therefore we have a contradiction which proves that at least two 
representatives of the same race are sitting next to each other. 
 
Problem 6: We say that a positive integer (whole number) N is beautiful if, when one adds twice the 
sum of the digits of N to N itself, one gets a perfect square.  For example, 132 is beautiful because 132 + 
2 * (1 + 3 + 2) = 144, which is a perfect square.   

(A) (5 points) Find all 2-digit beautiful numbers. 
(B) (5 points) Prove that the only beautiful prime number is 3. 

Solution: (A) Consider some beautiful 2-digit number 𝑥푦 (the bar above indicates that these are digits of 
a 2-digit number as opposed to the product of 𝑥 and 푦).  The fact that it is beautiful means that 
10𝑥 + 푦 + 2(𝑥 + 푦) = 푧  for some integer 푧.  Simplifying, we get: 12𝑥 + 3푦 = 푧 , which means that 
4𝑥 + 푦 = 3𝑘  for some integer 𝑘.  This allows us to come up with answers: 
𝑘 = 1 Æ no solutions 
𝑘 = 2 Æ 𝑥 = 1, 푦 = 8 or 𝑥 = 2, 푦 = 4 or 𝑥 = 3, 푦 = 0 
𝑘 = 3 Æ 𝑥 = 5, 푦 = 7 or 𝑥 = 6, 푦 = 3 
𝑘 = 4 or greater Æ no solutions 
Answer: 18, 24, 30, 57, 63. 
(B) Note that 3 is indeed both prime and beautiful (3 + 6 = 9, which is a perfect square).  To show that 
there are no other beautiful primes, we will prove that all beautiful primes are divisible by 3.  Since 3 is 
the only prime which is a multiple of 3, proving this will be sufficient. 
Let 𝑋 = 𝑎 ∗ 10 + 𝑎 ∗ 10 +⋯+ 10𝑎 + 𝑎  be beautiful.   
Then (𝑎 ∗ 10 + 𝑎 ∗ 10 +⋯+ 10𝑎 + 𝑎 ) + 2(𝑎 + 𝑎 +⋯+ 𝑎 + 𝑎 ) = 푧  for some 
integer 푧.  However, since any number leaves the same remainder as the sum of its digits when divided 
by 3, we see that the left side leaves a remainder of  
(𝑎 + 𝑎 +⋯+ 𝑎 + 𝑎 ) + 2(𝑎 + 𝑎 +⋯+ 𝑎 + 𝑎 ) = 3(𝑎 + 𝑎 +⋯+ 𝑎 + 𝑎 ) when 
divided by 3.  Therefore, it is divisible by 3, so 푧 is divisible by 3 and 푧  is divisible by 9.  Now, recall that 
any number leaves the same remainder as the sum of its digits when divided by 9, so the left side leaves 
a remainder of  
(𝑎 + 𝑎 +⋯+ 𝑎 + 𝑎 ) + 2(𝑎 + 𝑎 +⋯+ 𝑎 + 𝑎 ) = 3(𝑎 + 𝑎 +⋯+ 𝑎 + 𝑎 ) when 
divided by 9.  Therefore (𝑎 + 𝑎 +⋯+ 𝑎 + 𝑎 ) needs to be divisible by 3, meaning that the 
original number 𝑋 is divisible by 3, proving the stated claim. 
 
 
 


